Original High Order Filter Method
Consider the 3-D compressible Euler equations in Cartesian geometry, Here the velocity vector u D .u; v; w/ T , the momentum vector m D . u; v; w/, is the density, and e is the total energy.
For turbulence with shocks, instead of solely relying on very high order highresolution shock-capturing methods for accuracy, our filter schemes [8, [10] [11] [12] [13] take advantage of the effectiveness of the nonlinear dissipation contained in good shockcapturing schemes as stabilizing mechanisms at locations where needed. The high order filter method consists of two steps, a full time step of spatially high order base scheme and a post-processing nonlinear filter step. The nonlinear filter consists of the product of an artificial compression method indicator or wavelet flow sensor and the nonlinear dissipative portion of a high-resolution shock-capturing scheme (e.g., any TVD, MUSCL, ENO, or WENO scheme). By design, the flow sensors, spatial base schemes and nonlinear dissipation models are standalone modules. Therefore, a whole class of low dissipative high order schemes can be derived with ease. Unlike standard shock-capturing and/or hybrid shock-capturing methods, the nonlinear filter method requires one Riemann solve per dimension, independent of time discretizations. The nonlinear filter method is more efficient than its shockcapturing method counterparts employing the same order of the respective methods. An advantage of the wavelet flow sensor of the filter method is that for problems with physical dissipation the more scales that are resolved, the less the filter is utilized, thereby gaining accuracy and computation time. In the limit when all scales are resolved, we are left with a "pure" centered high order spatial scheme without added numerical dissipation.
For viscous gas dynamics the same order of spatial centered base scheme for the convection terms and the viscous terms are employed. For all of the time-accurate test cases, the classical fourth-order Runge-Kutta time discretization is employed. In a Cartesian grid, denote the grid indices for the three spatial directions as .j; k; l/. The spatial base scheme to approximate the x inviscid flux derivatives F .U / x (with the grid indices k and l for the y-and z-directions suppressed) is written as
where D 08 is the standard eighth-order accurate centered difference operator.
After the completion of a full Runge-Kutta time step of the base scheme step, the second step is to adaptively apply a nonlinear filter. The nonlinear filter can be obtained e.g., in the x-direction by taking the full seventh-order WENO scheme (WENO7) for the inviscid flux derivative in the x-direction and subtracting D 08 F j . The final update of the solution is (with the numerical fluxes in the y-and z-directions suppressed)
The nonlinear filter numerical fluxes usually involve the use of field-by-field approximate Riemann solvers. If Roe type of approximate Riemann solver [7] is employed, for example, the x-filter numerical flux vector H j C1=2 is
where R j C1=2 is the matrix of right eigenvectors of the Jacobian of the inviscid flux vector in terms of the Roe's average states evaluated at the U solution from the base scheme step. Denote the elements of the vector H j C1=2 by h l j C1=2 ; l D 1; 2; : : : ; 5. The nonlinear portion of the filter h l j C1=2 has the form
Here ! l j C1=2
is the wavelet flow sensor to activate the nonlinear numerical dissipation l j C1=2 and the original formulation for Ä is a positive parameter that is less than or equal to one. Some tuning of the parameter Ä is needed for different flow types. It is the purposes of this work to develop a new Ä to be a local variable depending on the local Mach number for low speed flows and depending on local shock strength for high speed flows.
The dissipative portion of the nonlinear filter
is the dissipative portion of WENO7 for the local lth-characteristic wave. Here g
and b
are numerical fluxes of WENO7 and the eighth-order central scheme for the lth characteristic, respectively. Hereafter, we denote this filter scheme as WENO7fi. For all of the computations, a three-level second-order Harten multiresolution wavelet decomposition of the computed density and pressure is used as the flow sensor [8] .
A summary of the three basic steps to obtain ! l j C1=2 can be found in Sjögreen and Yee [8] and Yee and Sjögreen [11] . For example, the flow sensor ! l j C1=2
to turn on the shock-capturing dissipation using the cut off procedure is a vector (if applied dimension-by-dimension) consisting of "1's" and "0's."
Improved High Order Filter Method
The improvements proposed here for the original high order filter method are to solve the conservative skew-symmetric form of the governing equations [2] in conjunction with a new flow speed indicator to minimize the tuning of the key filter parameter Ä in (4). It works well for Mach speeds below 1:5. Before presenting representative test cases, a relevant summary on the recent improvements is described.
Studies found that employing the entropy splitting [13] of the inviscid flux derivative can stabilize the central base scheme for smooth flows. Indirectly, less numerical dissipation is needed when the split form is used. Unfortunately, entropy splitting is not suitable for problems with moderate and strong shocks as the split form is not conservative. The conservative skew-symmetric splitting [2, 9] of the inviscid flux derivative can also stabilize the central base scheme. In addition, it is suitable for smooth flows and for problems containing strong shocks. In this study, in order to stabilize (minimize the use of added numerical dissipation for accuracy) the base scheme step for a wider range of flow conditions, the conservative skew-symmetric splitting is utilized. See [9] for a comparison of different skew-symmetric splittings of the inviscid flux derivative.
Previous numerical experiments on a wide range of flow conditions indicated that the filter scheme improves the overall accuracy of the computation compared with standard shock-capturing schemes of the same order. Studies found that the improved accuracy is more pronounced if the parameter Ä in (4) is tuned according to the flow type. For hypersonic flows with strong shocks, Ä is set to 1. For high subsonic and supersonic flows with strong shocks, Ä is in the range of .0:3; 0:9/. For low speed turbulent flows without shocks or long time integration of smooth flows, Ä can be one to two orders of magnitude smaller than 1. In other words, Ä should be flow location and shock strength dependent. The proposed new flow sensor to be discussed later will take these two factors into consideration. Here a simple minded modification of Ä is illustrated with representative numerical examples.
Inspired by Li and Gu's method to overcome the shortcomings of "low speed Roe scheme" [6] , we modified their flow speed indicator formula to obtain a modified Ä denoted by Ä for (4) to minimize the tuning of the original Ä for low Mach number flows. Ä has the form:
with
Here M is the maximum Mach number of the entire computational domain at the initial stage of the time evolution (i.e., the free stream Mach number M 1 ). f 1 .M / has the same form as [6] except there is an extra factor " M 2 " added to the first argument on the right-hand-side of the original form f .M / in (18) of [6] . The added factor provides a similar value of the tuning Ä observed from numerical experimentation. With the flow speed indicator f 1 .M / in front of Ä, the same Ä used for the supersonic shock problem can be used without any tuning for the very low speed turbulent flow cases. This sensor is evaluated only once before the first time step. Later,
where is a small threshold value to avoid completely switching off the dissipation. A function which retains the majority of f 1 .M / but includes larger Mach number for not very strong shocks is 
Numerical Results
Three different flow types are considered for the numerical experiments. A 1-D supersonic shock/turbulence interaction problem, a 3-D low speed turbulence problem without shocks (Taylor-Green vortex [1] ), and a high speed compressible isotropic turbulence with shocklets [5] . For all of the test cases, Ä D 0:7 and the skew-symmetric form of the inviscid flux derivative is employed. The accuracy comparison is among WENO7, WENO7fi and the improved version of WENO7fi discussed above by replacing Ä in (4) by Ä (hereafter denoted by WENO7fiM). All computations use uniform Cartesian grids.
1-D Shock/Turbulence Interaction Problem
This 1-D compressible inviscid ideal gas problem is one of the most computed test cases in the literature to assess the capability of a shock-capturing scheme in the presence of shock/turbulence interactions. The flow consists of a shock at Mach 3 propagating into a sinusoidal density field with initial data given by 
to the left of a shock located at x D 4, and
to the right of the shock, where is the density, u is the velocity and p is the pressure. The computational domain is OE 5; 5 and the computation stops at time equal to 1:8. Figure 2 shows the comparison among WENO7 and WENO7fiM using a very coarse uniform grid of 201 with the reference solution. The reference solution is obtained with WENO5 using a 16,000 grid. The two schemes give the similar accuracy near shock waves but with a large difference in accuracy in the fluctuation region where WENO7fiM is more accurate than WENO7. The result by WENO7fi is the same as WENO7fiM since f .M / is nearly 1. Note that in order for WENO5 to 
on the computational domain OE0; 2 OE0; 2 OE0; 2 . Here u; v; w are the three velocity components. The mean pressure is sufficiently high to make the problem essentially incompressible. This is known as a Taylor-Green vortex [1] . The computation stops at a total time equal to 10. The boundary conditions are periodic. The initial data are smooth, but the scales in the solution become smaller and smaller with time. The enstrophy (the square of the L 2 norm of the curl of the velocity) is often used as a measure of the content of small scales in the solution. Figure 3 shows the temporal evolution of the mean kinetic energy, < u i ; u i > =2, and enstrophy, < ! i ; ! i > =2, where ! D r u is the vorticity, normalized by their initial values. The three schemes give very different accuracy using the same 64 is needed. computed kinetic energy, the solution by WENO7fiM (green line) using a 64 3 grid is in-distinguishable from the reference solution (black line). The results indicate that with Ä, the same Ä used for the first test case with the Mach 3 shock can be used for this nearly incompressible test case with high accuracy.
Compressible Isotropic Turbulence with Shocklets
The third test case is a 3-D viscous decaying isotropic turbulence with eddy shocklets Given a sufficiently high turbulent Mach number, M t D 0:6, and a high Taylor scale Reynolds number, Re D 100, eddy shocklets develop spontaneously from the turbulent motions. This problem tests the ability of the methods to handle randomly distributed shocklets, as well as the accuracy for broadband motions in the presence of shocks.
The gas constant is D 1:4, and the viscosity is assumed to follow a power-law
Here 
where the Prandtl number, Pr, is 0.7. The important parameters are M t and Re , defined as
where
The root mean square velocity is
and the speed of sound is c 2 D p= . See [4] for the initial disturbance setup. Figure 4 shows root mean square (RMS) of density, pressure and temperature by WENO7 and WENO7fiM using a 64 3 grid compared with the reference solution by WENO7fi using a 256 3 grid. Again WENO7fiM is more accurate than WENO7. 
New Flow Sensor for a Wide Spectrum of Flow Speed and Shock Strength
As evident from the numerical examples, a new Ä in front of the wavelet flow sensor (4) is desirable for providing the location, and correct amount of numerical dissipation to be employed by high order numerical schemes for as wide a spectrum of flow speed as possible with the least number (and effort) of tuning parameters. Thus, the new Ä has to be a local variable depending on the local Mach number for low speed flows and depending on local shock strength for high speed flows. The level of increasing complexity for the new Ä can be investigated by the following stages. The modified Ä proposed earlier is a good choice for smooth and/or nearly incompressible flows even though Ä is based merely on the freestream Mach number of the flow. Thus, for up to low supersonic speed, for efficiency, the first level of improvement is to make a time-dependent global Ä based on the maximum Mach number of the entire flow field at each time evolution. The second level of improvement is to make a time-dependent local Ä based on f 1 .M / or f 2 .M /.
For each non-zero wavelet indicator ! l j C1=2 , a local Ä is determined to provide an appropriate amount of numerical dissipation (between .0; 1/) to be filtered by the shock-capturing dissipation. For strong shocks, the shock strength should come into play. One measure of the shock strength can be based on the numerical Schlieren formula [3] for the chosen variables that exhibit the strongest shock strength. In the vicinity of turbulent fluctuation locations, the local kappa will be kept to the same order as in the nearly incompressible case except in the vicinity of high shear and shocklets. In other words, we proposed different new Ä according to the following increased level of complexity:
Up to low supersonic speeds, at each time step, a global Ä is computed according to the maximum Mach number of the entire flow field and the value is determined by f 1 .M / or f 2 .M / proposed earlier for non-zero !
